Abstract--The expansion of products of generalized Laguerre polynomials L,~ (z) in terms of a series of generalized Laguerre polynomials is considered. The expansion coefficients, which are equal to triple-product integrals of generalized Lnguerre polynomials, are expressed in terms of a three-index recurrence relation. This is reduced to a one-index relation which facilitates computation of the expansion coefficients. The results are useful in the solution of nonlinear differential equations when it is desired to express products of generalized Laguerre polynomials as a linear series of these functions.
INTRODUCTION
Representation of a smooth function in terms of a series expansion using orthogonal polynomials is a fundamental concept in approximation theory, and forms the basis of spectral methods of solution of differential equations [1, 2] . Laguerre polynomials Ln(x) and generalized Laguerre polynomials L~(x) each constitute complete orthogonal sets of functions on the semi-infinite interval [0, oo). In this paper, we are concerned with the use of generalized Laguerre polynomials to solve nonlinear differential equations. In particular, we note that for such polynomials to be effective for nonlinear equations, one needs to express products of generalized Laguerre polynomials as linear expansions of these functions. An important application, for instance, is the nonlinear integro-differential collisional operator in plasma physics. Here, the particle distribution function of velocity v is typically expanded in terms of the functions L3n/2(v2), and the technique provides a powerful tool for the calculation of transport coefficients for plasmas near equilibrium [3, 4] .
However, such calculations are limited to linearized forms of the integro-differential operator. In order to extend the use of generalized Laguerre polynomials L~(x) to fully nonlinear systems (in plasma physics and elsewhere), we need to evaluate triple-product integrals of such polynomials. The problem was studied for Laguerre polynomials (u = 0) by Gillis and Shimshoni [5] . We extend their method to the case of arbitrary u (> -1). In Section 2, we obtain a three-index recurrence relation for the desired expansion coefficients, and in Section 3, we reduce this to a form involving a single index which is particularly useful for numerical computations.
The Blasius problem in fluid dynamics concerns the steady two-dimensional fluid motion in a boundary layer on a flat plate placed parallel to a uniform stream [6, 7] . As an application of our main result, in Section 4, we compute a spectral solution of the well-known (nonlinear) Blasius differential equation on a semi-infinite interval. 
THREE-INDEX RECURRENCE RELATION

n~ " n,m,k = dx e-2XxL'L~(x)L~n(x)L~(x).
Thus, the problem is to evaluate integrals of the form
~0 °°
C~,m, k = dx e-2Xx"L~(x)L~n(x)L~(x). (3)
For C0,m,k, we have the analytical expression [8] ,
For n > 0, we obtain the following recurrence relation that follows immediately from the corresponding recurrence relation for generalized Laguerre polynomials:
It is convenient to factorize the coefficient C~,,~,k thus:
where P,~,k(u) is a polynomial in the indices m and k. Substituting (6) into the recurrence relation (5) for C,~,m,k, we have
+ (m + k -n + u + 1)(m + k -n + P)Pmn+l,k(v)
We find the first three polynomials are given by + ua(4(m + k) + 2) + u 4.
ONE-INDEX RECURRENCE RELATION
For the purposes of numerical computation, it is highly desirable to have a recurrence relation involving a single index. In this section, we derive such a relation. (ii) t=O Multiplying equation (11) by e-=x~L~,(x) and integrating the result with respect to x from 0 to oo, we obtain
The function As(x) = e-X/2L~(x) satisfies the equation
xA"+(u+l))~'s+( s+v+----12
The function y(x) satisfies the differential equation Using standard properties of generalized Laguerre polynomials, we obtain the following:
L~ (L~') = x (a -t) (2v + 1 + 2x) dL~ dz t
+ (6), (8), and (9). Singularity for integer orders v cannot occur since C~,.,n, k is perfectly symmetric in all three indices n, m, k. The symmetry also reduces the labor in calculating the table of coefficients.
EXAMPLE
Consider the classical Blasius equation [6, 7] ,
We express Y(x) in terms of generalized Laguerre polynomials as follows:
Derivatives of the function Y(x) are conveniently obtained using the formula
d(e-XL'~(x)) dx
The boundary conditions become
Finally, we substitute expansion (11) into equation (13), apply property (15), multiply the result by e-XxUL~, and integrate with respect to x from 0 to oo, to derive the recurrence relation, Substituting expansion (19) into equation (18), we obtain the equation
Using the formulae
we see that all the Laguerre polynomials in equation (20) 
where
+3 -c.v --
It is easy to verify that this formula is valid for arbitrary indices with the convention that Cn,k,m = 0 if any of the indices is leas than 0.
The system of N+l equations (22) for instance, with the tabulated solution of Loitsyanskii [7] . Specifically, for N = 7 the spectral approximation is within 4% of the tabulated solution over the entire interval [0, ~). 
CONCLUSIONS
